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Abstract. This paper concerns a commutant lifting theorem and a Nevanlinna-
Pick type interpolation result in the setting of multipliers from vector-
valued Drury-Arveson space to a large class of vector-valued reproducing
kernel Hilbert spaces over the unit ball in C™. The special case of re-
producing kernel Hilbert spaces includes all natural examples of Hilbert
spaces like Hardy space, Bergman space and weighted Bergman spaces
over the unit ball.

Mathematics Subject Classification (2010). 30E05, 47A13, 47A20, 34125,
47B32, 47B35, 32A35, 32A36, 32A38.

Keywords. Commutant lifting theorem, Nevanlinna-Pick interpolation,
weighted Bergman spaces, dilations, multipliers.

1. Introduction

Let D = {z € C: |z| < 1} be the open unit disc in the complex plane C. The
classical Nevanlinna—Pick interpolation theorem [15, 17] states: Given distinct
n points {z;}7; C D (interpolation nodes) and n points {w;}?_; C D (target
data), there exists a ¢ € H*(D) such that ||¢]lcc < 1 and such that

¢(zi) = w;,
for all i = 1,...,n, if and only if the Pick matriz

|:1—'UJ,;’LD_7‘ :| n

1—2;2; ij=1 )
is positive semi-definite. Here we denote by H> (D) the Banach algebra of all
bounded analytic functions on D equipped with the norm ||| = sup{|p(z)| :
z € D}, ¢ € H*°(D). In his seminal paper [18], Sarason proved the commutant
lifting theorem for compressions of the shift operator to shift co-invariant

subspaces of the Hardy space which gives a simpler and elegant proof of the
Nevanlinna—Pick interpolation theorem.
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Sarason’s approach to the commutant lifting theorem, along with its
direct application to Nevanlinna—Pick interpolation theorem, is deeply con-
nected with a number of classical problems in function theory and operator
theory and have been studied extensively in the past few decades (cf. [11]).
There also has been a great deal of interest in analyzing the possibilities of
commutant lifting theorem and interpolation (and other related problems) in
the setting of general reproducing kernel Hilbert spaces over domains in C",
n > 1 (for instance, see [5], [10], [3], [7] and [9]).

In this paper we make a contribution to a commutant lifting theorem
and a version of Nevanlinna-Pick interpolation in several variables. To be
more precise, let m > 1 and let H,, denotes the reproducing kernel Hilbert
space corresponding to the kernel k,, on B", where

km(z,w) = (1 - Z ziw;) ™™ (z,w € B"),
i=1

n

and B" = {z = (z1,...,2,) € C" : lel|2 < 1}. Recall that H,, is

i=1

the Drury-Arveson space (popularly denoted by H?2), the Hardy space, the
Bergman space and the weighted Bergman space over B" for m =1, m = n,
m=n+1and m > n + 1, respectively.

Our main results, restricted to H,,, m > 1, can now be formulated as
follows:
Commutant lifting theorem (Theorem 3.4): Suppose Q; and Qs are joint
(M,,,...,M.,) co-invariant subspaces of H2(= H;) and H,,, respectively.
Let X € B(Qh Q2) and HX” S 1. If

X(Pg,M,|0,) = (Po,M,]0,)X,

foralli =1,...,n, then there exists a holomorphic function ¢ : B" — C such
that the multiplication operator M, € B(HZ2, H,,), || My| <1 (that is, ¢ is
a contractive multiplier), and

X =Po,M,lg, .
Thus, we have the following commutative diagram:

M
H? L Mo

Po, Po,

QlTQQ

Given a closed subspace S of a Hilbert space H we denote by Ps the orthog-
onal projection of S on H.
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Nevanlinna—Pick interpolation theorem (Theorem 5.1): Given distinct n points
{zi}?zl - an

and n points

{wi}?:1 g Da
there exists a contractive multiplier ¢ such that
o(zi) = wi,
for all i = 1,...,n if and only if the matrix

1 _ w;W;
(A=(ziz )™ 1—(zi25) |, 5y
n

is positive semi-definite. Here (z, w) = Z z;w; for all z,w € C™.

i=1

We make strong use of the commutant lifting theorem in the setting
of Drury-Arveson space (see Theorem 2.2) and a refined factorization result
(see Theorem 4.2) concerning multipliers between Drury-Arveson space and
a large class of analytic reproducing kernel Hilbert space over B".

We point out that the above interpolation theorem, in the setting of
normalized complete Pick kernel, is due to Aleman, Hartz, McCarthy and
Richter [2]. Their proof relies on Leech’s theorem (or Toeplitz corona theo-
rem). From this point of view, in this paper we prove that the interpolation
theorem is a consequence of the commutant lifting theorem. Furthermore,
our interpolation result holds for operator-valued multipliers (see Theorem
5.1).

Note that there are also free noncommutative versions of interpolation
theory (cf. [6]). We thanks the referee for pointing out that some of our results
may extend to this setting. This will be the subject of future work.

The remainder of the paper is organized as follows. Section 2 discusses
some useful and known facts about reproducing kernel Hilbert spaces. Sec-
tion 3 presents the commutant lifting theorem. Section 4 is devoted to fac-
torizations of multipliers. The factorization results obtained here may be of
independent interest. Section 5 provides the interpolation theorem.

2. Preliminaries

The Drury-Arveson space over the unit ball B” in C™ will be denoted by H?2.
Recall that H2 is a reproducing kernel Hilbert space corresponding to the
kernel function

ki(z,w)=(1— Z z;) (z,w e B").
i=1

Let k: B" x B" — C be a kernel such that & is analytic in the first variables
{z1,...,2n}. We say that k is regular if there exists a kernel &k : B* x B® — C,
analytic in {z1, ..., z,}, such that

k(z,w) = ki (z, w)k(z, w) (z,w € B").
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If k is a regular kernel, then Hy, the reproducing kernel Hilbert space cor-
responding to the kernel k, will be referred as a regular reproducing kernel
Hilbert space.

In the case of a regular reproducing kernel Hilbert space Hy, it follows
[13] that M,,, the multiplication operator by the coordinate function z;, is
bounded. Note that

(M, f)(w) = w; f(w),

for all f € Hg, w € B™ and ¢ = 1,...,n. Moreover, it also follows that the
commuting tuple (M,,,..., M, ) on Hy is a row contraction, that is

n

n
> MM < Iy,
i=1
If € is a Hilbert space, then we also say that Hy ® £ is a regular reproducing
kernel Hilbert space. Note that the kernel function of H; ® £ is given by

B" x B" 3 (z,w) — k(z,w)Is.

The E-valued Drury-Arveson space, denoted by H2 (), is the reproducing
kernel Hilbert space corresponding to the B(&)-valued kernel function

B" x B" 5 (z,w) — ki(z,w)Is.

To simplify the notation, we often identify H2(&) with H2®¢& via the unitary
map defined by z¥n — z* @ for all k € 7% and n € £. This also enable us to
identify (M,,,..., M, ) on H2(E) with (M,, ® I¢,...,M,, ®I¢) on H2®E.
Typical examples of regular reproducing kernel Hilbert spaces arise from
weighted Bergman spaces over B™. More specifically, let A > 1, and let

Ex(z,w) =(1-— Z zg;) (z,w € B"). (2.1)

Then Hy, is a regular reproducing kernel Hilbert space. Note that Hy, is the
Hardy space, Bergman space and weighted Bergman space for A =n, n+ 1
and n 4+ 1 + « for any « > 0, respectively.

Suppose H and &, are Hilbert spaces and (T4, ...,T),) is a commuting
tuple of bounded linear operators on . We say that (11, ...,T,) on H dilates
to (M,, ®Ig,,...,M, ®Ig, ) on H2®E, if there exists an isometry IT: H —
H2 ® &, such that

HT: = (Mzz ® IE*)*Hv
foralli=1,...,n (cf. [19]). We often say that Il : H — H2 ®@¢&, is a dilation
of (Tl, N ,Tn)

If H = Hy, is a regular reproducing kernel Hilbert space, then by [The-
orem 6.1, [13]], it follows that (M, ® I¢,...,M,, ® I¢) on H;, ® & dilates
to (M,, ® Ig.,...,M,, ®I¢g,) on H2 ® &, for some Hilbert space £,. More
specifically:

Theorem 2.1. Let £ be a Hilbert space. If Hy is a reqular reproducing kernel
Hilbert space, then there exist a Hilbert space £, and an isometry

O H, ®E — H2 ®E,,
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such that
(M, ® Ig)* = (M, ® Ig, )",
foralli=1,... n.

Since (M, ® Ig,..., M, ®Ig) on H; ®E is a pure row contraction [13],
the above result also directly follows from Muller-Vasilescu [14] and Arveson
[4].

In what follows, given a Hilbert space H and a closed subspace Q of H,
we will denote by i¢g the inclusion map

iQ : Q — H.
Note that ig is an isometry and
igih = Po.

We now recall the commutant lifting theorem in the setting of the Drury-
Arveson space (see [3] or Theorem 5.1, page 118, [7]). A closed subspace Q
of a regular reproducing kernel Hilbert space Hy ® £ is said to be shift co-
mwvariant if

(M., ®1£)*QCQ  (i=1,...,n).

Theorem 2.2. Let & and &> be Hilbert spaces. Suppose Q1 and Qo are shift
co-invariant subspaces of H2(E1) and H2(E2), respectively, X € B(Q1, Qa)
and let || X|| < 1. If

X (Po, M,

Ql) = (PQ2MZi QZ)X7

for all i = 1,...,n, then there exists a multiplier ® € M(HZ2(&r), H2(E2))
such that || Mg|| <1 and Pg,Mgs|o, = X.

i

Recall also that, given regular reproducing kernel Hilbert spaces Hj, ®&1
and Hp, ® &, a function & : B® — B(&1,&) is called a multiplier from
Hi, @E1 to Hy, @ & if

(I)(Hkl ®<€1) C Hi, ® Es.

The multiplier space M(Hy, ® E1, Hi, ® E2) is the set of all multipliers from
Hi, @E1 to Hp, @E,. In what follows, My (H2 @ &, Hyp @ E) will denote the
closed ball of radius one:

./\/ll(fff1 REL,HERE) ={D € M(Hg ®REL,HLRE) : || Ms| < 1}.

We have the following useful characterization of multipliers (cf. Proposition
4.2, [19]): Let Hj be a regular reproducing kernel Hilbert space, and let
X e B(HTQL RE,Hi ® gg) Then

X(Mzi ® Igl) = (Mzi ® Igz)X’
if and only if X = Mg for some ® € M(H?2 ® &1, Hi @ E).
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3. Commutant lifting theorem

We begin with a general result concerning intertwiner of bounded linear op-
erators.

Lemma 3.1. Suppose I1: H — K and I : H — K are isometries, V € B(K),
Ve B(K), T=1I*VII and T = II*VIL. Moreover, let X € B(H,H) satisfies
XT =TX.

If we define
Q=IH and Q=1IIH,
and o
X =1IXII*|,
then X € B(Q, Q) and
X(PoVlg) = (PsV

o)X,
Proof. Notice that Pg = IIII* and Py = ITI1*. Hence
X = (HI)IIXT*|g = Py (IIXTI%))g,
and in particular ) R
(LX) Q C Q,
which shows that X € B(Q, Q) Moreover
X (PoV]g) = IXIT*PoV]g = IIXIT*V|g = IXTII*|g
=T XTI*|g = I VII(IT*IT) X IT* | o
= PaV|olIXIT*|g = (PaV|5)X. O

Now we are ready to prove a variation, in terms of dilations, of Theorem
2.2.

Theorem 3.2. Let H and H be Hilbert spaces. Suppose T = (Th,...,Ty)
and T = (Tl, e ,Tn) are commuting tuples on H and 7:£, respectively, X €
BH,H), |X]| <1, and
XT; = T; X,

foralli=1,....n. Ifll: H— H2®E andf[:”z':l—>H72L®£' are dilations of
T and T, respectively, then there exists a multiplier ® € My(H2QE, H2®E)
such that

X = 1I" MaIl.
Proof. Let

Q=TH and Q=TIH.

If

X =1IXII*| g,
then by Lemma 3.1, it follows that X € B(Q, Q) and

X(Po(M,, ® Ig)lo) = (Pg (M., ® Ig)|5) X,
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for all ¢ = 1,...,n. It then follows from the commutant lifting theorem,
Theorem 2.2, that

X = Py Moo,
for some ® € M(H2 ® &, H? ® €) and || Mg]|| < 1. Then
IIXTT*|g = PyMa)o.

It then follows from
Q = ran II = ran IIIT*,

that
(IIXTI*)(TIT*) = Py Mo (TIITY).
Thus
X = Py Myl = (") M1l
and hence X = IT* MpIl. O

Now let Q be a shift co-invariant subspace of Hy ® £. An isometry
I:Q — H2®E, is said to be a dilation of Q if

H<PQ(M21 ® Ig)|Q)* = (M»Zﬁ ® If*)*Hv
foralli=1,...,n, that is (PoM,,|g,..., PoM., |g) on Q dilates to (M., ®
Ie,,...,M, ®Ig ) on H? ® &, via the isometry II.

Lemma 3.3. Let Hy be a reqular reproducing kernel Hilbert space, and let
E and &, be a Hilbert spaces. Suppose Q is a shift co-invariant subspace of
He RE. IfIL: Hy ®E — H2 @ E, is a dilation of Hy @ &, then Ilg : Q —
H2 ®E&., defined by

HQ =1IIo iQ7
is a dilation Q.
Proof. We first observe that
oIl = inT ig = Io.
Now we compute
Ho(Po(M., ® Ig)|o)* = ligPo(M., ® Ig)*|o = II(M., ® Ig)*|o
= (M, ® Ie,)" |g = (M, ® I.)"(Ilig)ig|o
= (M, ® I¢, )" lgiglo.

Now
iglo = Io,
and so
g (Po(M., ® Ig)lo)” = (M, ® I¢,) 11,
foralli=1,...,n. O

We are now ready to present and prove the commutant lifting theorem.
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Theorem 3.4. Let Hy be a regular reproducing kernel Hilbert space, & and
&y be Hilbert spaces, and let Q1 and Qs be shift co-invariant subspaces of
H2 ® & and Hi @ &, respectively. Let X € B(Q1,Qa), and suppose that
IXI <1 and

X(PQl(MZi ®Igl)|Q1) = (PQ2(M21: ®152)|Q2)X5

foralli=1,...,n. Then there exists a multiplier ® € My (H2®E&1, Hi @E2)
such that

X = Pg,Ms|g,-

Proof. Observe that the inclusion map ig, : Q1 < H2 ® & is a dilation of
Q1. Let Iy, : Hip ® & — H2 ® € be a dilation of Hy, (see Theorem 2.1), that
is, Iy, is an isometry and

Hk(Mzi ® 152)* = (MZ:' ® Iff)*Hlm (31)
for all i = 1,...,n and some Hilbert space £. Set
ng - HkZQ2

By Lemma 3.3, it follows that Ilg, : Qs — H2 ® & is a dilation of Qy. Then
Theorem 3.2 yields

X =g, Mg, ig,,
for some multiplier ®; € M(H2 ® &, H2 ® &). Hence
X =ig,(ITzMs, )ig, .
Since
M<I>1 (MZ'L Y Igl) = (qu & Ié)M':Plv
we have, using also the adjoint of (3.1),
HZ)MCI)I (Mzi ® Igl) = HZ(M% ® IE)M‘I’l = (M21 ® 152)HZM‘I’15

for all ¢ = 1,...,n, that is, II} My, : H2 ® & — Hi ® & intertwines the
shifts. Consequently

Mg, = Mg,
for some multiplier ® € M(H2 ® &1, Hi @ E2). Hence
X = z'*QZM@Z'Ql,
and thus
19, X = Pg,Msig,.
Hence, we have
X = Pgo,Ms|o,-
Finally
Mol < [|Mg, || < 1. O
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A simpler way of presenting the above theorem, from Hilbert module
point of view, is to say that the following diagram commutes:

4. Factorizations

Let k be a regular reproducing kernel on B". Then there exists a positive
definite kernel k : B” x B" — C such that

k(z,w) = k1(z, w)k(z, w) (z,w € B").

{;et ‘H;, be the reproducing kernel Hilbert space corresponding to the kernel
k. Suppose w € B" and ev(w) : H; — C is the evaluation map, that is
ev(w)(f) = f(w)  (f € Hy).
Then
k(z,w) = ev(z)ev(w)*  (z,w € B"),
and so
k(z,w) = k1(z,w) (ev(z)ev(w)*) (z,w € B"). (4.1)

From Corollary 4.2 in [13] it follows that the map
(nF)(2) := F(z,2),

for all F € H2 ® Hj and z € B", defines a coisometry from H? ® H; =
Hiy @ Hj, to Hy, = Hy, - It we view HZ2 ®™H;, as a reproducing kernel Hilbert
space of functions with values in H;, then the map 7 is actually the multiplier
M,,; indeed, if we compute the action on reproducing kernels, we have

Mey(f @ g)(w) = f(w) @ ev(w)(g) = f(w) ® g(w) = 7(f @ g)(w).

This formula may be extended by tensorizing with I¢, where £ is a
Hilbert space. If we define ¥y, : H; ® £ — & by ¥ := ev ® I¢, then Uy is
obviously also a coisometric multiplier. Taking into account (4.1), we obtain
the following theorem (see also [12, Theorem 4.1] and [13, Theorem 6.2]):

Theorem 4.1. Let k : B" x B™ — C be a regular kernel, and let

k(z,w) = k1(z,w)k(z,w) (z,w € B"),
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for some kernel k on B™. Suppose Hy, is the reproducing kernel Hilbert space
corresponding to the kernel k. If € is a Hilbert space, then there exists a
co-isometric multiplier Uy, € M(H2 ® (H;, @ £), Hy ® E) such that
Up(2)Ug(w)*
k(z,w)le = ’;(_)<z’“<w>) (z,w € B").

It is worth noting that except the explicit identification of the state
space Hj, and the fact that Uy, € M(H2 ® (Hj;; ® £), Hy, @ £), Theorem 4.1
essentially follows from the Kolmogorov decomposition of a positive definite
kernel.

It is instructive to consider, in particular, the familiar case: weighted
Bergman spaces over B™. Let m > 1 be an integer and let

km(z,w) = (1 — Z ziw;) ™™ (z,w € B").
i=1

Then

km(zaw) = km,—l(zaw)a
and hence ¥y (w)* : & — Hy

m m—1

U, ()1 = km -1 (-, w) @,
for all z,w € B™ and n € £. Note also that

(W, (w)(f @n),¢) = flw)(n, ),

for all f € Hy,, ., 7, ¢ € £ and w € B".
For this particular case, the representation of Wy, has been computed ex-
plicitly in [8, Section 4] and [5].

Now suppose & and & are Hilbert spaces, and k is a regular kernel on
B". Let © : B" — B(&7,&2) be an analytic function. From [16, Theorem 6.28]
it follows that © € My (H2 ® &1, Hi ® &) if and only if

k(z,w) — k1(z,w)0(2)0(w)*

® & is given by

is a positive definite kernel. By virtue of Theorem 4.1, this is equivalent to
positive definiteness of the kernel

(z,w) = ki1(z,w) (Y (2)¥r(w)" — O(2)0(w)").

We may then apply [1, Theorem 8.57((¢) = (ii))] to obtain the following
theorem.

Theorem 4.2. Let & and & be Hilbert spaces, and let © : B™ — B(&1,E&2) be
an analytic function. In the setting of Theorem 4.1, the following conditions
are equivalent:

(’L) CXS Ml(H,rQL ® &1, Hi ®(€2),

(ii) there exists © € My (H? @ &1, H? @ (Hj ® E2)) such that

Mo = My, Mg,
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More specifically, the multiplier ¥; makes the following diagram com-
mutative:

T
HTQL ® 81 T@> Hk ® 52

The above factorization theorem, in the scalar-valued multiplier case,
is due to Aleman, Hartz, McCarthy and Richter (see Proposition 4.10 in
[2]). The proof relies solely on Leech’s theorem. One should also compare
Theorems 4.1 and 4.2 with Lemma 4.1 and Theorem 4.2 in [8] and Theorem
2.1 in [5].

5. Nevanlinna-Pick interpolation

We now turn to the interpolation problem. Let & and & be Hilbert spaces.
We denote by B1(€1,E&2) the open unit ball of B(&7, &), that is

Bi(£1,&) = {A € B(&1,E) : |4 < 1}

We aim to solve the following version of Pick-type interpolation problem:
Suppose {z;}™, C B" {W} 1 € By(&1,&2) and m > 1. Find necessary and
sufficient conditions (on {z:}™, and {W;}m ) for the existence of a multiplier
(NS Ml(H2 X glka, X 52) such that

(I)(Zi) = Wi, (51)

foralli=1,...,m.
Given such data {z;}/, CB", {W;}7, C B1(&1,E&2), set

Q1 ={) k(- 2:)G: G € &},
and
Q= {Z k(- zi)ni = mi € Ea}
Obviously @1 and Qs are shift co-invariant subspaces of H,%@Sl and Hp ®E,,
respectively. Define X : @, — Q1 by
XEk(- zi)n = k1(, z)(Win),
foralli=1,...,m and n € &. Then

X(Mzi ® Igz)*|Q2 = (M21 ® Igl)*|Q1X

foralli=1,...,n. Then by Theorem 3.4, X is a contraction if and only if
there exists <I> c ./\/l1( 2 &, Hp @ &) such that

PQ2M¢|Q1 =
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In particular
ki(, zi)(Witn) = X(k(:, zi)n)
= Mg (k(-, zi)n)
= k1(+, 2:)(2(2:)"n),
for all ® € & and @ = 1,...,m, and so ® satisfies (5.1). Conversely, if ®

satisfies (5.1), then it is easy to see that X defines a contractions from Qs to

Q.

Now X is a contraction if and only if
0<(-X"X) Z k(o zims, D k(- zim)

E _ E , AW e 1) >
i =
= z’Hz] 77]7771> <Wzk1(zzsz)W "7]a771> 0

1<z,j<m 1<i,5<m
W;W*
E J
= ( Zlazj -[52 - )ﬁg7771> Z 07
1< 1— <Z¢, Zj>
<i,j<m

for all m1,...,mm € &, where the last equality follows from Theorem 4.1.
On the other hand, Theorem 4.2 says that ® € M (H2 ® &1, Hy ® &) if and
only if there exists ® € My (H2 @ &1, H2 ® (Hj, ® £2)) such that

®(z) = Ui(2)®(2),

for all z € B”. Summarizing, we have established the following interpolation
theorem:

Theorem 5.1. Let & and & be Hilbert spaces, k be a regular kernel on B,
and let

k(z,w) = ki (z, w)k(z, w) (z,w e B"),

for some kernel k on B™. Suppose {z:}7, CB" and {W;}, C Bi(&1,&).
Then the following conditions are equivalent:

(i) There exists a multiplier D € My (H2®E1, Hi®Es) such that ®(z;) =

W; foralli=1,.
(i) Z zi, z5)1e, —
1<i,5<m ( 1- < “zj>
(iii) There exists a multiplier ® € My (H2? @ &1, H? @ (H; @ &)) such

W,W;
)773’771> fO’f’ all My Nm S 52-

that
\Ilk(zl)é(zl) :Wi (Z: 1,...,’[1).

As we pointed out before, in the case of scalar-valued multipliers (that
is, & = & = C), the equivalence of (i) and (ii) in Theorem 5.1 is due to
Aleman, Hartz, McCarthy and Richter (see Proposition 4.4 in [2]). Moreover,
if n =1 and k(z,w) = (1 — zw)™™, m € N (that is, weighted Bergman
space over D with an integer weight), then the equivalence of (i) and (ii) in
Theorem 5.1 was proved by Ball and Bolotnikov [5].
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Note that, the positivity condition in part (ii) of Theorem 5.1 does not
hold in general:
Example: Consider the regular kernel k as the Bergman kernel on D, that is

1
k(z,w) = A —z02 (z,w e D).
Here
k(2 w) = F(z, w) = Up(2) U (w) = ﬁ (z,w € D).

Then, for a given pair of points {wy,ws} C D, condition (ii) in Theorem 5.1
holds for some pair {z1, 22} C D if and only if

1 2 1 0 1 1
17‘21‘2 |U}1| 1—212z2 w1ws2 o 17|21|2 1—2122 >0

— Wol 1 _ Iw ‘2 1 1 - Y
1—222 2t 1—|Z2|2 2 1—2921 1—|22‘2

where ‘¢’ denotes the Schur product of matrices. However, if z; = wo = 0
and zo # 0, then it is easy to see that the positivity condition fails to hold
for any w; € D such that

1w

< 1.
1—|zf?
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